Rock slope hazard assessment is an important part of risk analysis for open pit mines. The main parameters that can lead to rock slope failures are the parameters traditionally used in geomechanical classifications, the slope geometrical parameters and external factors like rainfall and blasting. This paper presents a methodology for a hazard assessment system for open pit mine slopes based on 88 cases collated around the world using principal components analysis, discriminant analysis and confidence ellipses. The historical cases used in this study included copper, gold, iron, diamond, lead and zinc, platinum and claystone mines. The variables used in the assessment methodology are uniaxial compressive strength of intact rock; spacing, persistence, opening, roughness, infilling and orientation of the main discontinuity set; weathering of the rock mass; groundwater; blasting method; and height and inclination of the pit. While principal component analysis was used to quantify the data, the discriminant analysis was used to establish a rule to classify new slopes about its stability condition. To provide a practical hazard assessment system, confidence ellipses were used to propose a hazard graph and generate the HAS-Q. The discriminant rule developed in this research has a high discrimination capacity with an error rate of 11.36%.
Introduction
Standards Australia defines hazard as a source of potential harm; and a potential occurrence or condition that could lead to injury, damage to the environment, delay or economic loss [1] . In open pit slopes, potential harm is directly related to the occurrence and the volume of material in the slope failure. Three scales of slope failures can occur in an open pit mine: bench failure, interramp failure and overall failure (Fig. 1) .
These three types of scale of slope failures are directly related to the volume of the slope failure and, therefore, related to the consequences of these failures. Once the volume of failures is related to the consequences of these failures, the levels of acceptance criteria in probabilistic stability analysis vary according to the severity of the failure. Swan et al. provide recommendations of acceptable levels of probability of failure in open pit slopes [2, 3] . The acceptance criterion of the probability of failure in open pit mines, proposed by the authors, is directly related to the consequences of the failures. The greater the failure consequences, the lower the level of tolerance accepted.
Bench failures have less serious consequences. In general, this type of failures have a minimum economic impact on production, mostly related to cleanup costs. Damage to equipment and injuries to personnel are unlikely provided that the failure does not occur when the slope is under construction [4] . Swan and Sepulveda state that bench failures are inevitable and permissible provided the acceptable contained volumes of material on benches are unlikely to be exceeded [2] . Nonetheless, benches located immediately above and below ramps and those in the final wall must have lower tolerances of failure compared to the other benches. Priest and Brown also suggest that the consequences of failures in individual benches, temporary slopes and benches that are not adjacent to haulage roads are not largely serious [3] .
The consequences of inter-ramp failures are more significant than the bench failures. Injuries to personnel and damage to equipment are likely. The economic impact on production is also more significant as the production losses and cleanup costs are usually greater than the bench failures [4] . Acceptance of inter-ramp instabilities depends on the amount of ramp loss and the overall volume of material in the failure [2] . Priest and Brown suggest that failures in medium sized slopes of 50 to 100 m in height, with haulage roads or close to permanent mine installations may have serious consequences [3] .
The most severe case of failure is the overall slope failure. Injuries and fatalities to personnel and damage to equipment are highly likely to be serious if failure occurs in working hours. The economic impacts may be irreversible because failure can lead to ore dilution and consequently, a decrease in the ore's economic value. Finally, public and stakeholder relationships may be severely affected and may even lead to the loss of permission to mine [4] . Swan et al. state that failures in high slopes larger than 150 min height have very serious consequences and the acceptance criterion of probability is the least permissive [2, 3] .
Practitioners use probabilistic analysis to calculate the likelihood and consequence of a failure. However, probabilistic analyses require extensive distribution of all input parameters. This paper presents a nonparametric hazard assessment system, HAS-q, which could be applied to any open pit slope. This system is a user-friendly, relatively easy to use in engineering practice, like methodologies for risk assessment in coal mines proposed by Vardar et al. [5] [6] [7] . The HAS-q was developed by applying multivariate statistical techniques including principal component analysis, discriminant analysis and confidence ellipses. These techniques provide the quantitative hazard assessment system, since they allow calculation of the failure susceptibility level.
Material and methods

Database
A database containing 88 slopes was constructed based on case studies around the world, using published papers and books which encompass many worldwide open pit slope stability case histories. Based on 84 slopes of these case studies, Naghadehi et al. proposed a mine stability index for mine slopes [8] .These 84 slopes were used in this research. An additional four cases have been collated from a Brazilian mine. Table 1 presents the mines used to build the database.
The database was built using the variables chosen by the authors to develop the hazard system and the variables considered were those traditionally used in rock mass classification systems and the open pit slope geometry parameters, including the uniaxial compressive strength of intact rock (P1), spacing of discontinuities (P2), persistence of discontinuities (P3), opening (P4), roughness (P5), infilling (P6) and orientation of the main discontinuity set (P7), weathering of the rock mass (P8), groundwater (P9), blasting method (P10), height (P11), and inclination (P12) of the pit.
The database was built using the values presented in Tables 2-8 . For quantitative variables, see Table 2 , the original values of the parameters were used. For qualitative variables, ordinal values were assigned ranging from 1 to 5, see Tables 3-8 . The stability status of each slope in the database is known: stable (ST), bench and inter-ramp failure (FSB) and overall failure (OF).
Here, a d is the dip direction of the main discontinuity;a s is the dip direction of the slope;b d is the main discontinuity dip; andb s is the slope dip.
Multivariate analysis techniques
Multivariate analysis technique is used to create knowledge and thereby improve the decision making. Multivariate analysis refers to all statistical techniques that simultaneously analyze multiple measurements on individuals or objects under investigation. An 
Variable Parameter
Uniaxial compressive strength (UCS) of intact rock (MPa) P1 Spacing of the main discontinuity set (m) P2 Persistence of the main discontinuity set (m) P3 Aperture of the main discontinuity set (mm)
analysis, to be considered truly multivariate, all variables must be random and correlated in a such way that the purpose of different effects cannot meaningfully be interpreted separately [11] .
To verify if the database used in multivariate analysis present significant correlation between the variables, Bartlett's testis used [12] .
Principal component analysis
Principal component analysis is a multivariate statistical technique that uses an orthogonal transformation to convert a set of observations of correlated variables into uncorrelated variables named principal components [13] . The new variables (principal components) are linear combinations of the p variables of the original data set, see Eq. (1).
where PC i is the principal component i,i ¼ 1; 2; :::; p;e t i the transposed eigenvector i of the correlation matrix of the data; and X the vector of original variables.
The variance of each principal component is equal to the eigenvalue related to the eigenvector of that component. Therefore, the proportion of total variance of the original data that is explained for the i th principal component is calculated by Eq. (2). Principal component analysis is a technique that is often used to quantify data with qualitative variables. Then, it is applied previously to techniques that can only be applied in quantitative data, e.g., discriminant analysis.
Discriminant analysis
Discriminant analysis is a multivariate technique used for classifying the elements of a sample in different populations. The technique must to be applied only in quantitative data. The classification rule is built using a function able to distinguish between two or more groups through original features that must be known for all the groups. Knowledge of the populations allows the formulation of a discrimination rule which can be used to classify new individuals.
Fisher's canonical discriminant functions consist of linear combinationsŶ j , see Eq. (3) [14] . 
where p is the number of variables; k the number of populations; n i the number of elements in the class i; X ib the vector of observations of the sample element b which belongs to population i; X i the vector of means for i th population; and X the vector of means for the total sample.
For each individual, a vectorŶ j is calculated. The scores of canonical discriminant functions applied to the vector of means for each class are also calculated (Ŷ i ). Then, the Euclidean distance betweenŶ j andŶ i is calculated through Eq. (6). Finally, individuals are classified in the population whose Euclidean distance is smaller.
Fisher's canonical discriminant functions do not depend intrinsically on the multivariate normality of the data.
Confidence ellipses
Mahalanobis distance between a point and a vector of the means of a distribution in the bivariate space is calculated by Eq. (7) [15] . Mahalanobis distance is different from the traditional Euclidean distance as it takes into account the covariance between the data. The confidence ellipses delineate the points whose Mahalanobis distances are equal or smaller than the axes of the ellipse [11] .
Choosing a suitable significance level value a, ellipses containing (1 À a)% of the points in a given data set can be generated (Fig. 2) . Eq. (8) If a bivariate normal distribution of x 1 and x 2 can be assumed, the Mahalanobis distance from a point to the vector of means follows a chi-square distribution (v 2 ) with two degrees of freedom and confidence ellipses can be obtained by Eq. (8) .
The methodology was implemented in the statistical software R and results reported in the next section [16] .
Results and discussion
Bartlett's test
The Bartlett's test was used to verify if the database is suitable for the application of multivariate statistical techniques [12] . The test consists of the comparison of the correlation matrix of the p variables to the identity matrix. The test is shown in Table 9 . Once the p-value approaches zero, there is sufficient correlation between the data and the database is suitable for application of multivariate statistical techniques.
Principal component analysis
Principal component analysis was used to quantify the data. It is a prerequisite to apply discriminant analysis when the database has some qualitative variables.
As the original data has 12 parameters, 12 principal components were generated. Table 10 presents the proportion of variance explained by each of the principal components and Table 11 presents the coefficients of the 12 linear combinations generated by the principal analysis technique.
Principal components analysis yielded 12 quantitative scores for each of the 88 slopes which were used to provide the classification rule through discriminant analysis.
Discriminant analysis
The classification rule was built for three populations (statuses: stable (ST), inter-ramp and bench failures (FSB) and overall failures (OF)) using Fisher's canonical discriminant functions [14] . These discriminant functions are normally used for homoscedastic data, i.e., data with the same population covariance matrices. Nevertheless, when the multivariate normality hypothesis cannot be assumed, Fisher's canonical discriminant functions are the preferred option, since quadratic discriminant analysis presents sensitivity to normality. Box's M Test was used to test the homoscedasticity population covariance matrix [17] .
Box's M test and multivariate normality test were carried out and the results are presented in Tables 13 and 14 .
As the p-value of Box's M test is smaller than 0.05, it is assumed that the data is not homoscedastic, making quadratic discriminant analysis an alternative. However, the p-value of the normality test approaches zero and, therefore, the multivariate normality hypothesis cannot be assumed. As quadratic discriminant analysis requires normality, Fisher's canonical discriminant functions were used.
As the database has three populations, the classification rule has two discriminant functions. After performing discriminant analysis, the discriminant scores of the 88 slopes were calculated and these scores were graphed. The scores of the first 12 principal components plus the status of each slope make up the sample for the discriminant analysis.
After applying Fisher's canonical discriminant functions, the classification rule was obtained as follows Eqs. The discriminant scores, obtained through Eqs. (9) and (10), for the 88 slopes in the database were calculated and presented in Fig. 3 , which shows a clustering tendency of the scores in the three statuses of the slopes. Therefore, the results yielded by discriminant analysis are in good agreement with the actual information available about the slopes.
Validation
The resubstitution method was used to validate the classification rule generated through discriminant analysis. In this method, the total sample is used to generate the classification rule. Then, the predicted class of the total sample of individuals obtained through comparison of the classification rule to the actual class. When the classification rule is of good quality a low error rate is expected. The apparent error rate is calculated using the validation matrix (Table 15 ) and Eq. (11) . Fig. 3 . Scores of the 88 slopes in discriminant analysis. where AER is the apparent error rate; n ij the number of slopes in the test sample that were classified in class i but are from class j; and n i the sample size of class i. Table 16 presents the classifications of the 88 slopes by discriminant analysis and their actual classes.
Only two slopes that actually presented a more serious failure (OF) were classified in a less serious category (FSB). The other 8 slopes that actually presented less serious failures were classified in more serious categories: being 2 slopes that presented overall failures (OF) were classified as inter-ramp failures (FSB) and 6 slopes that were stable (ST) were classified as inter-ramp failures (FSB) by the classification rule. Therefore, the classification rule can be considered conservative. Nevertheless, the overall error rate of the classification rule is 11.36%, which is believed to be acceptable since the geotechnical parameters used include a number of uncertainties due to the variability of rock masses.
Construction of the hazard graph
Three confidence ellipses for the three populations (FSB, OF and ST) were used to construct the hazard assessment graph. Mahalanobis distance was used to generate confidence ellipses of the distance distributions of the scores of the 88 slopes obtained through the two equations generated by discriminant analysis.
The first step was check if the discriminant scores of the three populations present a bivariate normal distribution. Table 17 presents the results of the bivariate normality test for the three populations.
The P-values of the normality tests for the three populations are significant and, therefore, the multivariate normality hypothesis can be assumed and the Eq. (8) can be used to obtain the confidence ellipses.
Three confidence ellipses of discriminant scores were constructed for the three populations to determine the limits that separate the three classes. Then, the border between each class was drawn from the intersection points between the confidence ellipses. Significance levels (a) of 0.2, 0.1 and 0.05 were considered in the construction of ellipses (Fig. 4) .
Using the limits that separate the three populations (OF, FSB and ST) a hazard assessment system to classify new mine slopes is proposed.
To identify if different levels of significance would change the location of the limits between the classes, the boundaries were drawn with levels of significance equal to 0.2 and 0.05, shown in Fig. 5 . The boundaries obtained through ellipses with levels of confidence equal to 0.2 and 0.05 have almost the same location. As a result, the confidence ellipses with the level of significance equal to 0.05 were used to construct the hazard assessment system. Eqs. (12), (13) and (14) 
The intersection points of the confidence ellipses were determined and the equations of straight lines, which contain these points, were calculated. The intersection points of the OF and FSB ellipses were (À2.91, 1.28) and (À1.01, À1.66); the equation of the line containing these points is given by Eq. (15) . The intersection points of the FSB and ST ellipses were (1.36, 1.49) and (0.09, À2.00); the equation of the line containing these points is given by Eq. (16) .
The potential harm of open pit slope failures is directly related to the scale of failure. The consequences of bench and inter-ramp failures are much less significant than for overall failures. Hence, the region of overall failure was named ''high hazard zone", the region of bench and inter-ramp failures was named ''medium hazard zone" and the stable zone was named ''low hazard zone". Although stable slopes do not present an immediate hazard, they were considered ''low hazard zone" because of the error rate of the classification rule. Fig. 6 presents the proposed quantitative hazard assessment system (HAS-q).
3.6. Evaluation of the hazard assessment graph and application on a new slope Fig. 7 and Table 18 present three slopes and their parameters. Each one presents a different status. All the parameters were analyzed and present a geotechnical meaning. The four parameters that presented more interesting results are presented.
The first parameter P1 (uniaxial compressive strength) and P7 (weathering of the rock mass) are related with the strength of the rock. Overall failures are related with the strength of the rock and inter-ramp failures are related with the strength of the discontinuities. The slope with overall failure presented a very low value of uniaxial compressive strength (15 MPa) and it is highly weathered. The slope with inter-ramp failure and the stable slope presented 180 and 150 MPa, respectively, and they are slightly weathered.
The importance of efficient drainage systems could be verified in the three slopes presented. The stable is slope, which is completely dry, and the slope with inter-ramp failure is wet and the slope with overall failure is dripping.
The parameter P9 is related with the orientation of the discontinuities in the rock mass. They orientation could lead to interramp failures. The 44th slope (inter-ramp failure) presented a very favorable orientation for the occurrence of discontinuity failure. The stable slope presents an unfavorable orientation and the slope with overall failure presents a favorable orientation for occurrence of discontinuity failure. Fig. 8 present the box plots of the parameters for each slope class. They confirm the analysis performed for the slopes above.
The hazard graph was applied in a mine slope for illustration. The slope is located in an iron mine of Minas Gerais State, Brazil. The geotehcnical parameters of this slope is presented (Tables 19  and 20) .
The first step is calculate the twelve principal components scores based on the coefficients presented in Table 12 . To illustrate, Eq. (17) presents the calculus of the first principal component score. Table 21 shows the principal component scores of the new slope. The second step is to calculate the discriminant scores using the obtained values presented in Table 21 and the Eqs. (9) and (10) . The values obtained for Y 1 and Y 2 were equal to 3.3 and À1.1, respectively. Lastly, the hazard graph must be used for classification of the new slope (Fig. 9) . The Brazilian mine slope was classified as a slope with low hazard.
Conclusions
The use of quantitative tools for hazard assessment in slopes is a critical part of risk management in open pit mines. Qualitative hazard assessments, which are based on the experience of geotechnical experts, are not sufficient for an adequate evaluation of geotechnical risks. Qualitative assessments should be complemented by quantitative tools, avoiding the subjectivity associated with qualitative risk evaluation.
Depending on the technique used, it is possible to know the error associated with the obtained results which increases the confidence of engineers making decisions. Multivariate statistical techniques have been proven to be efficient for quantification of phenomena in many research fields as they provide quantitative methods ofevaluation, in this case of the slope hazards.
Principal component analysis was used to quantify the data from the database of 88 slopes. Discriminant analysis was carried out and a discriminant rule obtained with an error rate of 11.36%. As the geotechnical parameters are inherently variable due to uncertainties in rock masses and the variability of the survey data of the other parameters, the error rate of the discriminant rule was considered reliable. Confidence ellipses were used to develop HAS-q, which can be used to assess the hazards in mine slopes. HAS-q is a user-friend, powerful tool for hazard assessment as it provides an unbiased assessment of the hazards. Since it was developed based on 88 slopes, from copper, gold, iron, diamond, lead and zinc, platinum and claystone mines located around the world, with high variability in their geotechnical parameters, the HAS-q methodology can be used for all open pit slopes. As this is an empirical tool, future research can improve the database used to develop the HAS-q and to revise the transition zones between different hazard classes. 
